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Basic building blocks: orthogonal arrays

Orthogonal array

0 Table where each column describes a factor in an experiment
= Each column contains values 0, 1, 2, ... (design coding) to represent levels of an attribute
= Each row describes a specific combination of levels across all attributes
= Balance within each column and across pairs of columns
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Basic building blocks: orthogonal arrays

Example — Orthogonal array
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o 0 @ o
o 1 2 1
2x © 1 0 @ 1
x @ 1 1 3 o0
x @ o o0 3 1
o 1 @ o
2x 3 1 0 @2 o
1 1 ©0 1
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o 0 o0 ©
o 1 2 @
x © 1 0 1 @
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o Balance across 2 columns «/
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o 1 2 1
2x 00 2 o 1 1
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2X ‘. ‘ . 1 0
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o Balance across 2 columns «/
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o Balance across 2 columns «/

© o o ©
© 1 2 a
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o Balance across 2 columns «/

1x ‘.

1x .. 0 ‘ . 0
1x ©@ 0 : : :
1x 10 o © 3 1
x @@ 0o @ @ o
x @@ : : : 0
1x ..
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o Balance across 2 columns «/

o © o ©
x 00 . 91 9
x 0@ 1 1 3 ©
x @0 0 : X :
2x @@ 1 © 2 ©
1 @ o @
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Basic building blocks: orthogonal arrays

Example — Orthogonal array

o Balance within a column v

o Balance across 2 columns «/

1x ‘.

1x .. 0 0 . .
1x @0 o2 : :
1x 20 o o0 3 1
x 2@ o 1 @ ©
x @0 Lo : :
1x ..
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Basic building blocks: orthogonal arrays

Finding orthogonal arrays

4 Onllne Iibra ries Google library of orthogonal arrays
= Search for “library of orthogonal arrays”

Q All

= support.sas.com/techsup/technote/ts723 Designs.txt —

= neilsloane.com/oadir

Neil Sloane from the OEIS
®

http://neilsloane.com » oadir

a SOftwa re tOOIS Orthogonal Arrays - Neil Sloane

A library of over 200 orthogonal arrays. Maintained by N. J. A.

= SAS Sloane (email address: njasloane@gmail.com; home page: NeilSloane.com/). Comments or ...
= N
gene

= SurveyEngine S ——
. SPSS Orthogonal Arrays - SAS Support
SAS provides a catalog of over 117,000 orthogonal arrays. Orthogonal arrays are frequently
used as plans for conducting experiments. This site provides: a ...
= JMP * % r

GitHub Pages
https://bertcarnell.github.io » html» oa_main_page

Orthogonal Array Library - CaRnell Data Science

An orthogonal array A is a matrix of n rows, k columns with every element being one of q

symbols 0,...,g-1 . The array has strength tif, ineverynby t ...
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Generating orthogonal designs

Steps

Define list of attributes

Define levels per attribute

Find suitable orthogonal array

Assign columns in orthogonal array to attributes in design

Augment levels for generic attributes to minimise overlap

A T o

Replace design coding with actual attribute levels in design

4 )

A

Experimental design software tools
generate orthogonal designs by
automatically performing these steps
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Generating orthogonal designs

Example

o Bike alternative with attribute ‘dist’

o Bus A and Bus B alternative with attributes ‘time’ and ‘cost’

dist time, cost, time, cost,

2 10 1 20 3

2 20 2 30 1
2 30 3 10 2

5 10 2 20 1 20 min 30 min

5 20 3 30 2 5 km

5 30 1 10 3 $3 $2

10 10 3 20 2

10 20 1 30 3 O O O

10 30 2 10 1
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Generating orthogonal designs

Step 1 — Define list of attributes

o Note that two attributes are generic

b|ke ﬂl _|_/82 -
busA 63 -+ﬂ4 -

V, .. = 0 -time, + (3, - cost,

‘dist ftime, [costy  time, cost,

Choice Modelling Academy ©

20



Generating orthogonal designs

Step 2 — Define levels per attribute

b|ke ﬂl _|_/82 -
busA 63 -+ﬂ4 -

V, .. = 0 -time, + (3, - cost,

(dist  time cost
2 10 1
5 20 2

10 30 3

‘dist ftime, [costy  time, cost,
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Generating orthogonal designs

Step 3 - Find suitable orthogonal array

o At least 3 columns with 3 levels

b|ke ﬂl _|_/82 -
busA 63 -+ﬂ4 -

V, .. = 0 -time, + (3, - cost,

(dist  time cost
2 10 1
5 20 2

10 30 3

‘dist ftime, [costy  time, cost,
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Generating orthogonal designs

Step 3 - Find suitable orthogonal array

o At least 3 columns with 3 levels

orthogonal array --- time, cost,

b|ke ﬂl _|_/82 - 0 0 0 0
Vy,op = 3, tiiEy + 3, €08t 0o 11 2
0 2 2 1

busB 53 -time +B4 COSt 1 0 1 1
1 1 2 0

2 0 2 2

2 10 1 2 1 0 1

5 20 2 2 2 1 0

10 30 3
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Generating orthogonal designs

Step 4 — Assign columns in orthogonal array to attributes in design

o Select any 3 columns

orthogonal array --- time, cost,

b|ke ﬂl _|_/82 - 0 0 0 0
busA 63 -—l_ ﬂ4 - 0 1 1 2
0 2 2 1

V, .. = 0 -time, + (3, - cost, 1 0 1 1
1 1 2 0

2 0 2 2

2 10 1 2 1 0 1

5 20 2 2 2 1 0

10 30 3
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Generating orthogonal designs

Step 4 — Assign columns in orthogonal array to attributes in design

o ‘dist’ attribute

orthogonal array --- time, cost,

b|ke ﬂl _|_/82 - 0 0 0 0
Vioop = 3, tiES + 3, €058, 11 2 :
2 2 1 0

busB ﬂs -time +B4 - cost, 0 1 1 1
1 2 0 1

0 2 2 2

2 10 1 1 0 1 2

5 20 2 2 1 0 2

10 30 3
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Generating orthogonal designs

Step 4 — Assign columns in orthogonal array to attributes in design

0 ‘time’ attribute

orthogonal array --- time; cost,

blke /81 —|_/BZ - 0 0 0 0
Vi = B, i + 5, €088 1 0
2 1 0 2

V, .. = 0 -time, + (3, - cost, 1 1 1 0
2 0 1 1

2 2 2 0

2 10 1 0 1 2 1

5 20 2 1 0 2 2

10 30 3
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Generating orthogonal designs

Step 4 — Assign columns in orthogonal array to attributes in design

0 ‘cost’ attribute

orthogonal array --- time, cost,

b|ke ﬂl _|_/82 - 0 0 0 0
Vi = 3, tiME, + 5, €088y 2 0o 1 1
1 0 2 2

V, .. = 0 -time, + (3, - cost, 1 1 0 1
0 1 1 2

2 2 0 2

2 10 1 1 2 1 0

5 20 2 0 2 2 1

10 30 3
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Generating orthogonal designs

Step 5 — Augment levels for generic attributes to minimise overlap

‘dist ftime, [costy  time, cost,

b|ke ﬂl+/82 -

0 0 0

busA 63 -—l_ ﬂ4 - 8 1 1
V, .. = 0 -time, + (3, - cost, 1 (2) i
1 1 2

2 0 2

2 10 1 2 1 0

5 20 2 2 2 1

10 30 3
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Generating orthogonal designs

Step 5 — Augment levels for generic attributes to minimise overlap

o Shift the ‘time’ attribute

‘dist ftime, [costy  time, cost,

b|ke ﬁl _|_/82 - 0 0 0 1
busA 63 -—l_ ﬂ4 - +1 shift 0 1 1 2
0 2 2 0

Voo = B, - time, -+ 5, -cost, 01 A
11— 2 1 1 2 2

1 2 0 0

“dist time cost 20 > o 2 1

2 10 1 2 1 0 2

5 20 2 2 2 1 0

10 30 3

Choice Modelling Academy © 29



Generating orthogonal designs

Step 5 — Augment levels for generic attributes to minimise overlap

o Shift the ‘cost’ attribute

‘dist ftime, [costy  time, cost,

b|ke ﬂl +/82 -
busA 63 -—l_ ﬂ4 - +2 shift

V, .. = 0 -time, + (3, - cost, 00— 2
1—0

(dist  time cost @1
2 10 1
5 20 2
10 30 3
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Generating orthogonal designs

Step 6 — Replace design coding with actual attribute levels in design

o Relabel the attribute levels (often done within the survey instrument)

‘dist ftime, [costy  time, cost,

blke /81 _|_/BZ - 0 0 0 1 y)
busA 63 -—l_ ﬂ4 - 0 1 1 2 0
0 2 2 0 1

V, .. = 0 -time, + (3, - cost, 1 0 1 1 0
1 1 2 2 1

2 0 2 1 1

2 10 1 2 1 0 2 2

5 20 2 2 2 1 0 0

10 30 3
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Generating orthogonal designs

Step 6 — Replace design coding with actual attribute levels in design

o Relabel ‘dist’ attribute

‘dist ftime, [costy  time, cost,

b|ke ﬁl _|_/82 - 2 0 0 1 5
Vousa = 05 -‘|‘ B, - Relabelling 2 1 1 2 0
2 2 2 0 1

Vouss = 05 - time, + 5, - cost, 0 — 2 c ] ) Lo
1 -—5 5 1 2 2 1

5 2 0 0 2

‘dist time cost @— 10 0 o 2 1 1

2 10 1 10 1 0 2 2

5 20 2 10 2 1 0 0

10 30 3
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Generating orthogonal designs

Step 6 — Replace design coding with actual attribute levels in design

o Relabel ‘time’ attribute

‘dist ftime, [costy  time, cost,

b|ke ﬂl +/82 - 2 10 0 20 2
Vousa = 055 -time, + (3, - cost, Relabelling 2 20 1 30 0
2 30 2 10 1

V, .. = 05, -time, + (3, - cost, 0 — 10 5 10 1 20 0
1 — 20 5 20 2 30 1

5 30 0 10 2

“dist time cost 2 — 30 0 10 2 20 1

2 10 1 10 20 0 30 2

5 20 2 10 30 1 10 0

10 30 3
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Generating orthogonal designs

Step 6 — Replace design coding with actual attribute levels in design

o Relabel ‘cost’ attribute

‘dist ftime, [costy  time, cost,

b|ke ﬂl +/82 - 2 10 1 20 3
Vousa = 055 -time, + (3, - cost, Relabelling 2 20 2 30 1
2 30 3 10 2
V, .. = 05, -time, + (3, - cost, 0 —1 5 10 5 20 1
1 — 2 5 20 3 30 2
5 30 1 10 3
“dist time cost 23 0 10 3 20 2
2 10 1 10 20 1 30 3
5 20 2 10 30 2 10 1

10 30 3
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Generating orthogonal designs

Final orthogonal design

‘dist ftime, [costy  time, cost,

b|ke ﬂl _|_/82 - 2 10 1 20 3
busA 63 -—l_ ﬂ4 - 2 20 2 30 1
2 30 3 10 2

V, .. = 0 -time, + (3, - cost, 5 10 5 20 1
5 20 3 30 2

10 10 3 20 2

2 10 1 10 20 1 30 3

5 20 2 10 30 2 10 1

10 30 3
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Generating orthogonal designs

More information

o Street, D.J., Burgess, L. & Louviere, J.J. (2005) Quick and easy choice sets: Constructing optimal and nearly optimal
stated choice experiments. International Journal of Research in Marketing, 22(4), 459-470.

o Street, D.J. & Burgess, L. (2007) The construction of optimal stated choice experiments: Theory and methods. John
Wiley & Sons.
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